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Abstract
Class-conditional noise commonly exists in machine learning tasks, where the class label is corrupted
with a probability depending on its ground-truth. Many research efforts have been made to improve the
model robustness against the class-conditional noise. However, they typically focus on the single label case
by assuming that only one label is corrupted. In real applications, an instance is usually associated with
multiple labels, which could be corrupted simultaneously with their respective conditional probabilities.
In this paper, we formalize this problem as a general framework of learning with Class-Conditional
Multi-label Noise (CCMN for short). We establish two unbiased estimators with error bounds for solving
the CCMN problems, and further prove that they are consistent with commonly used multi-label loss
functions. Finally, a new method for partial multi-label learning is implemented with unbiased estimator
under the CCMN framework. Empirical studies on multiple datasets and various evaluation metrics
validate the effectiveness of the proposed method.
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Introduction

In ordinary supervised classification problems, a common assumption is that the class labels of training
data are always correct. However, in practice, the assumption hardly holds since the training examples are
usually corrupted due to unavoidable reasons, such as measurement error, subjective labeling bias or human
labeling error. Learning in presence of label noise has been a problem of theoretical as well as practical
interest in machine learning communities [8]. In various applications, such as the image annotation [33] and
text classification [15], many successful methods have been applied to learning with label noise.
In general, to deal with noise-corrupted data, it is crucial to discover the causes of label noise. A natural
and simple formulation of label noise is that the labels are corrupted by a random noise process [3], which
can be described by the random classification noise (RCN) framework [1]. RCN framework assumes that
each label is flipped independently with a specific probability ρ ∈ [0, 12 ). Despite the great impact that RCN
framework has made, it is too simple to deal with practical tasks, where the cause of label noise may not
follow a random process. In order to deal with such problems, in [29, 24], authors propose a class-conditional
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random label noise (CCN) framework, where the probability of a label flipped depends on its true label.
Unfortunately, CCN framework only considers single label case and fail to deal with multiple noisy labels,
where multiple labels assigned to one instance may be corrupted simultaneously.
In this paper, we extend CCN to a more general framework of Class Conditional Multi-label Noise
(CCMN) to learn with multi-class and multi-label classification tasks. In CCMN framework, each instance is
associated with multiple labels and each of class labels may be flipped with a probability ρj+1 or ρj−1 , which
depends on its true label yj ∈ {+1, −1}. It is worth noting that a great deal of real-world applications in
weak-supervised setting [44] can be included into the framework, such as learning from partial-labeled data
[6, 34] or learning with missing labels [30], which we will discuss detailedly in following content. To the best
of our knowledge, general theoretical results in this setting have not been developed before.
To tackle corrupted data with class-conditional multiple noisy labels, we derive a modified loss function
for learning a multi-label classifier with risk minimization. Theoretically, we show that the empirical risk
minimization with modified loss functions can be in an unbiased fashion from independent and dependent
perspectives. We then provide the estimation error bound for the two unbiased estimator and further show
that learning with class-conditional multiple noisy labels can be multi-label consistent to two commonly
used losses, i.e., hamming loss and ranking loss, respectively. Finally, CCMN can be regarded as a general
framework of various weakly-supervised learning scenarios, such as partial label learning [6], partial multilabel learning [34] and weak label learning [30]. Among them, partial multi-label learning (PML) is a recently
proposed weakly-supervised learning scenario. We further propose a new approach for partial multi-label
learning with unbiased estimator. Comprehensive empirical studies demonstrate the effectiveness of the
proposed methods.
Our main contributions are summarized as follows:
• A general framework of learning from class-conditional multi-label noise is proposed. Varied weaklysupervised learning scenarios can be cast under CCMN framework.
• We propose two unbiased estimators for solving CCMN problems in independent and dependent fashion. These two estimators are proven to be multi-label consistent to hamming loss and ranking loss,
respectively.
• A novel approach for Partial Multi-label Learning with unbiased estimator (uPML) is proposed under
the CCMN framework.

2

Related Works

There are a great deal of previous works aiming to learn a robust classification model in presence of label
noise. Most of these methods only consider single label case and cannot tackle class-conditional multi-label
noise.
There has been a long line of studies in machine learning community on random label noise. The earliest
work by Angluin and Laird [1] first propose the random classification noise (RCN) model. In [9], authors
propose a boosting-based method and empirically show its robustness to random label noise. A theoretical
analysis proposed in [21] proves that any method based on convex surrogate loss is inherently ill-suited to
random label noise. In [3], authors consider random and adversarial label noise and try to utilize a robust
SVM to deal with label noise.
The first attempt to tackle class-conditional label noise is in [29] where authors propose a variant of
SVM to deal with noisy labels with theoretical guarantee. In [24], authors propose unbiased estimators to
solve class-conditional label noise in binary classification setting. Based on the assumption that the classconditional distributions may overlap, a method called mixture proportion estimation is proposed in [28] to
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estimate the maximal proportion of one distribution that is present in another. Furthermore, authors extend
the method into multi-class setting in [4].
Thanks to the great development of deep learning, there are various methods raised for utilizing deep
neural networks to handle noisy labels, such as label correction methods [31, 19], loss correction methods
[14, 36, 13], sample reweighting methods [17, 27, 32] and robust loss methods [11, 43, 22].
In this paper, we also employ the CCMN framework to solve partial multi-label learning problems. In
order to deal with partial-labeled data, the most commonly used strategy is disambiguation [6, 12], which
recovers ground-truth labeling information for candidate labels. Some methods perform disambiguation
strategy by estimating a confidence for each candidate label [34, 40]. Other methods utilize decomposition
scheme [20] or adversarial training [37]. However, aforementioned methods never consider the generation
process of noisy labels in candidate label set, which is a essential information for solving PML problems.
In [35], authors first consider modeling the relationship between noisy labels and feature representation.
Nevertheless, all of these methods failed to prove the consistency of the proposed method.

3

Formulation of CCMN

Let x ∈ X be a feature vector and y ∈ Y be its corresponding label vector, where X ⊂ Rd is the feature
space and Y ⊂ {−1, 1}q is the target space with q possible class labels. For notational convenience, the label
yj can be denoted by its index j. In the setting, yj = 1 indicates the j-th label is a true label for instance x;
yj = −1, otherwise. In this paper, we focus
Pon the multi-label learning problem, where each instance may
be assigned with more than one label, i.e., qj=1 I(yj = 1) ≥ 1 holds, where I is the indicator function. Let
S = {(x1 , y1 ), ..., (xn , yn )} be the given training data set, drawn i.i.d. according to the true distribution D.
We also use [q] to denote the integer set {1, ..., q}.
In this paper, for instance x, its corresponding label y can be corrupted and may be flipped into ỹ
following a class-conditional multi-label noise model as follows:
Pr(ỹj = −1|yj = +1) = ρj+1 ,
Pr(ỹj = +1|yj = −1) = ρj−1 ,
∀j ∈ [q], ρj+1 + ρj−1 < 1.
where ρj+1 and ρj−1 are noise rates for each class label and are assumed to be known to the learner.
After injecting random noise into original samples S, the observed data set Sρ = {(x1 , ỹ1 ), ..., (xn , ỹn )}
are drawn i.i.d., according to distribution Dρ . Our goal is to learn a prediction function h : X → Y
can accurately predict labels for any unseen instance. In general, it is not easy to learn h directly, and
alternatively, one usually learns a real-valued decision function f : X → RK . Note that, for each instance
x, even though its final prediction depends on h(x), we also call f itself the classifier. As mentioned before,
CCMN can be used to solve multi-class and multi-label learning problems. In this paper, we focus on the
multi-label classification task without loss of generality.
In general, CCMN framework has implications in varied real-world applications. In the following content,
we discuss on two popular weakly-supervised learning scenarios, i.e., partial multi-label learning and weak
label learning, which can be regarded as special cases of CCMN framework.
In PML problems, each instance is associated with a candidate label set Yc , which contains multiple
relevant labels and some other noisy labels. One intuitive strategy to solve the task is that treat all labels in
Yc as relevant labels and transform Yc into Ỹ . Here, we use Ỹ , since there may exist irrelevant labels in Ỹ .
Then, a new training set is obtained, where each instance is associated with the label set Ỹ . Besides relevant
labels, Ỹ is also injected into some irrelevant labels, which can be regarded as class-conditional multi-label
noise, i.e., irrelevant labels are flipped into relevant labels with ρj−1 > 0 while ρj+1 = 0.
3

In weak label learning, also known as learning with missing label, relevant labels of each instance are
partially known. Specifically, each instance is associated with a label set Y+1 while Ỹ−1 is the irrelevant label
set. Here, we use Ỹ−1 since there may exist missing labels in Ỹ−1 , i.e., relevant labels are missed. Similarly,
one can treat all labels in Ỹ−1 as irrelevant labels. Besides irrelevant labels, Ỹ−1 is also injected into some
relevant labels which can be regarded as class-conditional multi-label noise with ρj+1 > 0 while ρj−1 = 0.

4

Learning with CCMN

In this section, we first provide some necessary preliminaries, and then derive two CCMN solvers in independent and dependent cases. In the independent case, we solve each binary classification task of the
CCMN problem independently while in the dependent case, we solve the CCMN problem by considering
label correlations.

4.1

Preliminaries

To derive our results for solving CCMN problems, we introduce some notations and the property of multilabel consistency.
There are many multi-label loss functions (also called evaluation metrics), such as hamming loss, ranking
loss and average precision [41], etc. In this paper, we focus on two well known loss functions, i.e., hamming
loss and ranking loss, and leave the discussion on other loss functions in the future work.
The hamming loss considers how many instance-label pairs are misclassified. Given the decision function
f and prediction function F , the hamming loss can be defined by:
q

Lh (F (f (x)), y) =

1X
I[ŷj 6= yj ]
q j=1

(1)

where ŷ = F (f (x)) = (ŷ1 , ..., ŷq ).
The ranking loss considers label pairs that are ordered reversely for an instance. Given a real-value
decision function f = (f1 , f2 , ..., fq ), the ranking loss can be defined by:
X
Lr (f , y) =
I(yj < yk )ℓ(j, k) + I(yj > yk )ℓ(k, j)
(2)
1≤j<k≤q

where

1
ℓ(j, k) = I(fj > fk ) + I(fj = fk )
2
The risk of f with respective to loss L is given by R(f ) = E(x,y)∼D [L(f (x), y)] and the minimal risk
(also called the Bayes risk) can be defined by R∗ = inf f R(f ). For an instance x, the conditional risk of f
can be defined as
X
l(p, f ) =
py L(f , y)
y∈Y

where py = (Pr(y|x))y∈Y is a vector of conditional probability over y ∈ Y.
Note that the above mentioned two loss functions are non-convex and computationally NP-hard, which
makes the corresponding optimization problems hard to solve. In practice, a feasible solution is to consider
alternatively a surrogate loss function L which can be optimized efficiently. The L-risk and minimal L-risk
∗
can be defined as RL (f ) = E(x,y)∼D [L(f (x), y)] and RL
= inf f RL (f ), respectively. Accordingly, we define
P
n
1
b
the empirical L-risk asRL (f ) = n i=1 L(f (x), y).
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Furthermore, we define the conditional L-risk of f and the conditional Bayes L-risk
X
W (p, f ) =
py L(f , y), W ∗ (p) = inf W (p, f ).
f

y∈Y

The definition of multi-label consistency can be formulated as follows.
Definition 1. [10] Given a below-bounded surrogate loss L, where L(·, y) is continuous for every y ∈ Y, L
is said to be multi-label consistent w.r.t. the loss L if it holds, for every p, that
W ∗ (p) < inf {W (p, f ) : f ∈
/ A(p)},
f

where A(p) = {f : l(p, f ) = inf f ′ l(p, f ′ )} is the set of Bayes decision functions.
Based on the definition, the following theorem can be further established.
Theorem 1. [10] The surrogate loss L is multi-label consistent w.r.t. the loss L if and only if it holds for
any sequence {fn }n≥1 that
∗
if RL (fn ) → RL
then R(fn ) → R∗ .
The theorem tells us that the multi-label consistency is a necessary and sufficient condition for the
convergence of L-risk to the Bayes L-risk, implying R(f ) → R∗ . Our goal is to learn a good classification
model with the modified loss function L̃(f (x), ỹ) from noise-corrupted data by minimizing empirical L̃-risk:
b (f ),
fˆ = arg min R
L̃
f ∈F

where F is a function class.

4.2

Independent Case

In order to solve multi-label learning problems, the most straightforward method is to decompose the task into
q independent binary classification problems [41], where the goal is to learn q functions, f = (f1 , f2 , ..., fq ).
However, as mentioned before, it is difficult to directly optimize the hamming loss due to its non-convexity.
Alternatively, we consider the following surrogate loss
Lh (f (x), y) =

q
X

φ(yj fj (x)),

(3)

j=1

where φ is a convex loss function. The common choices are least square loss φ(t) = (1 − t)2 and hinge loss
φ(t) = (1 − t)+ in [7].
The modified loss function under class-conditional multi-label noise in independent case can be defined
as follows:
q
X
φ̃(yj fj (x)),
(4)
L̃h (f , ỹ) =
j=1

where,

Here, κj =

1
1−ρj+1 −ρj−1



φ̃(yj fj ) = κj (1 − ρ−yj )φ(yj fj ) − ρyj φ(−yj fj ) .

is a constant.

We extend the results in [24] to have the following lemma, which shows the unbiasedness of the estimator
defined by Eq.(4).
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Lemma 1. For anyh yj , ∀j ∈ i[q], let φ(·) be any bounded loss function. Then, if L̃h (f , ỹ) can be defined by
Eq.(4), we have Eỹ L̃h (f , ỹ) = Lh (f , y).

Let σ = {σ1 , ..., σn } be n Rademacher variables with σi independently uniform random variable taking
value in {−1, +1}. Then, the Rademacher complexity with respective to function class F and unbiased
estimator L̃ can be formulated as follows:
"
#
n
1X
σi L̃(f (xi ), ỹi ) .
Rn (L̃ ◦ F ) = Ex,ỹ,σ sup
f ∈F n i=1
Accordingly, the performance guarantee for the unbiased estimator in independent case can be derived
as following theorems.

Theorem 2. Let µ = maxj

1
, ∀j
1−ρj−1 −ρj+1

∈ [q]. Then, for the loss function φ(·) bounded by Θ, with

probability at least 1 − δ, we have
RLh (fˆ) − min RLh (f ) ≤ 4qKρ Rn (F ) + 2qµΘ
f ∈F

s

ln δ1
,
2n

b (f ) and Kρ is the Lipschitz constant of L̃h .
where fˆ is trained by minimizing R
L̃h

Theorem 3. If φ is convex function with φ′ (0) < 0, then the modified surrogate loss L̃h defined by Eq.(4) is
consistent w.r.t hamming loss, i.e., there exists a non-negative concave function ξ with ξ(0) = 0, such that
∗
∗
RLh (fˆ) − RL
≤ ξ(RLh (fˆ) − RL
).
h
h

As shown in Theorem 2, the generalization error is dependent to the noise rates ρ−1 and ρ+1 . It is
intuitive that smaller noise rates lead to a better generalization performance owing to a smaller µ. By
combining Theorem 2 with Theorem 3, we obtain a performance guarantee for learning from class-conditional
∗
multiple noisy labels with respective to hamming loss, that is as n → ∞, we have RLh (fˆn ) → RL
, then
h
∗
ˆ
RLh (fn ) → RLh .

4.3

Dependent Case

In multi-label learning problems, a common assumption is that there exist label correlations among labels
[26, 39]. Therefore, it is fundamental to learning with class-conditional multi-label noise in a dependent
fashion. The ranking loss considers the second-order label correlation and its surrogate loss is commonly
defined as
X
X
Lr (f (x), y) =
I(yj > yk )φ(fjk ) + I(yj < yk )φ(fkj ) =
φ(yjk (fj − fk ))
(5)
1≤j<k≤q

1≤j<k≤q

y −y

where yjk = j 2 k and fjk = fj − fk .
If yj 6= yk , let a = (1−ρj−yjk )(1−ρkyjk ), b = ρjyjk ρk−yjk and if yj = yk , let c = ρjyj (1−ρk−yk ), d = ρkyk (1−ρj−yj ).
Then, the modified loss function under class-conditional multi-label noise in the dependent case can be defined
as
X
L̃r (f (x), y) =
φ̃((fj , fk ), (yj , yk ))
(6)
1≤j<k≤q
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where φ̃((fj , fk ), (yj , yk )) can be abbreviated by φ̃(j, k),
(
κjk [aφ(yjk fjk ) + bφ(−yjk fjk )] if yj =
6 yk
φ̃(j, k) =
− κjk [cφ(−yj fjk ) + dφ(yj fjk )] if yj = yk
Here, κjk =

1
k
(1−ρj+1 −ρj−1 )(1−ρk
+1 −ρ−1 )

is a constant.

The unbiasedness of the estimator defined by Eq.(6) can be shown as following lemma.
Lemma 2. For any yjh, yk , ∀j, k i∈ [q], let φ(·) be any bounded loss function. Then, if L̃r (f , ỹ) can be defined
by Eq.(6), we have Eỹ L̃r (f , ỹ) = Lr (f , y).

Accordingly, the performance guarantee for the unbiased estimator in the dependent case can be derived
as following theorems.

Theorem 4. Let µ = maxj

1+|ρj−1 −ρj+1 |
(1−ρj−1 −ρj+1 )2

, ∀j ∈ [q]. Then, for the loss function φ(·) bounded by Θ, with

probability at least 1 − δ, we have
RLr (fˆ) − min RLr (f ) ≤ 4q(q − 1)Kρ Rn (F ) + 2q(q − 1)µΘ
f ∈F

s

ln 1δ
2n

b (f ) and Kρ is the Lipschitz constant of L̃r .
where fˆ is trained by minimizing R
L̃r

Theorem 5. If φ is a differential and non-increasing function with φ′ (0) < 0 and φ(t) + φ(−t) = 2φ(0),
then the modified surrogate loss L̃r defined by Eq.(6) is consistent w.r.t ranking loss, i.e., there exists a
non-negative concave function ξ with ξ(0) = 0, such that
∗
∗
)
≤ ξ(RLr (fˆ) − RL
RLr (fˆ) − RL
r
r

(7)

From Theorem 2, it can be observed that besides the noise rates ρ−1 and ρ+1 , the generalization error
is also dependent to the difference between noise rates, i.e., |ρ−1 − ρ+1 |. Generally, a smaller difference also
leads to a better generalization performance owing to a smaller µ. By combining Theorem 2 with Theorem 3,
we obtain a performance guarantee for learning from class-conditional multiple noisy labels with respective
∗
∗
to ranking loss, that is as n → ∞, we have RLr (fˆn ) → RL
, then RLr (fˆn ) → RL
.
r
r
Testing Phase. Regarding the classifier fˆ trained by minimizing the loss function L̃h or Lh , for each
testing instance xt , we use the sgn(fj (xt )) to predict its labels, where sgn(a) is a function which outputs +1
if a >= 0; −1, otherwise.
However, regarding classifier f trained by minimizing the loss function L̃r or Lr , it is unreasonable to
use 0 as a threshold directly. Instead, to perform predictions, in training phase, we introduce a dummy label
y0 = 0 for each instance, and then, in testing phase, the output of the classifier for label y0 is used as the
threshold to decide the label assignment for each instance.
Specifically, for instance x, suppose that its corresponding label vector can be represented by y =
(y0 , y1 , ..., yq ), where y0 is indexed by 0. In the training phase, the cumulative loss L̃0 with respective to y0
can be written as follows:
q
X
φ̃(fj0 (x), yj0 )
(8)
L̃0 =
j=1

where fj0 (x) = fj (x) − f0 (x) and yj0 = yj − y0 . Note that yj0 = yj , since we have y0 = 0. In the situation,
the formulation of loss L̃0 is the same as Eq.(4) and can be solved efficiently.
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5

Partial Multi-Label Learning with CCMN

In the section, from perspective of CCMN framework, we propose a new approach for partial multi-label learning with unbiased estimator (uPML for short). In such case, ∀j ∈ [q], Pr(ỹj = +1|yj = −1) = ρj , Pr(ỹj =
−1|yj = +1) = 0 holds. Here, we omit the subscript of ρj for notational simplicity.
Based on the results in Section 4, for the independent case, the objective function of uPML L̃PML
can
h
be defined as follows:
q
X
φ̃(yj fj (x))
(9)
L̃PML
(f (x), y) =
h
j=1

where,

j
 φ(−fj (x)) − ρ φ(fj (x))
1 − ρj
φ̃(yj fj (x)) =

φ(fj (x))

if yj = −1
otherwise

For the dependent case, the objective function of uPML L̃PML
can be defined as follows:
r
X
L̃PML
(f (x), y) =
φ̃(yjk fjk (x))
r

(10)

1≤j<k≤q

where,

φ̃(yjk fjk ) =













φ(fjk )
1−ρk
φ(−fjk )
1−ρj
−ρj φ(fjk )−ρk φ(−fjk )
(1−ρj )(1−ρk )

0

if yjk = +1
if yjk = −1
if yj = yk = −1
if yj = yk = +1

We derive the generalization error bound for the proposed uPML method, which is the special case of
Theorem 2 and 4.
Corollary 1. For the least square loss φ(t) = (1 − t)2 , with probability at least 1 − δ, we have
s
ln δ1
8q
RLh (fˆ) − min RLh (f ) ≤ 4qKρ Rn (F ) +
f ∈F
1 − ρmin
2n
b PML (f ), and
where ρmin = minj ρj and fˆ is trained by minimizing R
L̃
h

RLr (fˆ) − min RLr (f ) ≤ 4q(q − 1)Kρ Rn (F ) + 8q(q − 1)µ
f ∈F

where µ = minj

6

1+ρj
(1−ρj )2

s

ln δ1
2n

b PML (f ).
and fˆ is trained by minimizing R
L̃
r

Experiment

The experiments for CCMN data are firstly reported, followed by the experiments for PML data.
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(11)

Table 1: Comparison results among L̃h , L̃r and their baselines with diverse loss functions using the linear
model, where •/◦ indicates whether the proposed method is significantly superior/inferior to the comparing
methods via paired t-test (at 0.05 significance level).
Data
yeast
enron
Hamming loss (the smaller, the better)
.218 ± .002
.058 ± .000•
L̃h /Square
.223 ± .002•
.057 ± .000
L̃h /Hinge
L̃r /Square
.231 ± .002•
.058 ± .001•
.249 ± .004•
.057 ± .000
L̃r /Hinge
.225 ± .002
.057 ± .000
L̃r /Sigmoid
Lh /Square
.280 ± .017•
.100 ± .003•
Lh /Hinge
.265 ± .012•
.061 ± .002•
Lr /Square
.278 ± .016•
.109 ± .007•
Lr /Hinge
.271 ± .009•
.077 ± .005•
Lr /Sigmoid
.265 ± .009•
.064 ± .001•
Ranking loss (the smaller, the better)
L̃h /MSE
.210 ± .002•
.216 ± .006•
.237 ± .008•
.203 ± .006
L̃h /Hinge
.208 ± .000•
.221 ± .007•
L̃r /Square
.214 ± .003•
.201 ± .008
L̃r /Hinge
.204 ± .002
.201 ± .008
L̃r /Sigmoid
Lh /Square
.266 ± .018•
.248 ± .004•
Lh /Hinge
.268 ± .017•
.250 ± .002•
Lr /Square
.267 ± .019•
.258 ± .003•
.277 ± .014•
.253 ± .001•
Lr /Hinge
Lr /Sigmoid
.261 ± .018•
.251 ± .001•
Average precision (the greater, the better)
L̃h /Square
.714 ± .004•
.519 ± .014
.696 ± .009•
.519 ± .015•
L̃h /Hinge
L̃r /Square
.713 ± .007•
.518 ± .010
.710 ± .007•
.525 ± .017
L̃r /Hinge
.720 ± .005
.521 ± .018
L̃r /Sigmoid
Lh /Square
.648 ± .022•
.457 ± .002•
Lh /Hinge
.645 ± .021•
.462 ± .003•
Lr /Square
.645 ± .024•
.451 ± .006•
Lr /Hinge
.635 ± .017•
.452 ± .004•
Lr /Sigmoid
.651 ± .022•
.453 ± .001•

6.1

scene

slashdot

music style

mirflickr

tmc

.137 ± .004•
.128 ± .003
.148 ± .009•
.133 ± .001•
.130 ± .004
.163 ± .021•
.151 ± .012•
.163 ± .006•
.149 ± .004•
.149 ± .013•

.020 ± .000
.020 ± .001
.027 ± .003•
.026 ± .003•
.024 ± .002•
.028 ± .004
.023 ± .004
.038 ± .001•
.034 ± .002•
.035 ± .001•

music emotion
.195 ± .001
.196 ± .000•
.197 ± .001•
.195 ± .000
.195 ± .001
.213 ± .005•
.220 ± .001•
.206 ± .003•
.204 ± .002•
.212 ± .001•

.118 ± .000
.125 ± .000•
.120 ± .001
.119 ± .001
.122 ± .000•
.124 ± .001•
.126 ± .000•
.157 ± .015•
.121 ± .002
.124 ± .000•

.146 ± .000•
.177 ± .001•
.139 ± .004•
.162 ± .001•
.119 ± .000
.157 ± .003•
.185 ± .019•
.181 ± .008•
.198 ± .007•
.138 ± .005•

.064 ± .000•
.062 ± .000
.068 ± .000•
.064 ± .000•
.068 ± .000•
.077 ± .001•
.071 ± .000•
.084 ± .001•
.078 ± .001•
.077 ± .001•

.137 ± .014•
.122 ± .010
.138 ± .011•
.120 ± .010•
.113 ± .009
.168 ± .018•
.161 ± .020•
.191 ± .015•
.155 ± .010•
.164 ± .045

.050 ± .002
.049 ± .002
.050 ± .001
.050 ± .001•
.048 ± .001
.061 ± .013•
.054 ± .008
.067 ± .012•
.061 ± .011•
.059 ± .011

.237 ± .002
.244 ± .002•
.237 ± .002
.237 ± .002
.240 ± .002
.302 ± .012•
.312 ± .009•
.302 ± .012•
.305 ± .010•
.304 ± .009•

.158 ± .002•
.167 ± .003•
.157 ± .003•
.153 ± .003
.157 ± .000
.222 ± .001•
.205 ± .003•
.235 ± .006•
.224 ± .003•
.231 ± .008•

.129 ± .002•
.150 ± .004•
.114 ± .003•
.134 ± .002•
.096 ± .000
.161 ± .002•
.182 ± .007•
.174 ± .015•
.190 ± .005•
.134 ± .016•

.061 ± .001•
.056 ± .002
.062 ± .002•
.058 ± .002•
.069 ± .000•
.110 ± .007•
.091 ± .001•
.123 ± .007•
.117 ± .006•
.114 ± .003•

.773 ± .021•
.798 ± .008•
.777 ± .013•
.795 ± .015•
.809 ± .011
.732 ± .026•
.744 ± .014•
.700 ± .024•
.751 ± .012•
.758 ± .025•

.905 ± .001
.906 ± .001
.902 ± .002
.903 ± .001
.906 ± .001
.846 ± .009•
.883 ± .012•
.802 ± .015•
.830 ± .013•
.843 ± .011•

.640 ± .001
.631 ± .001•
.640 ± .001
.636 ± .001•
.640 ± .000
.579 ± .010•
.539 ± .011•
.580 ± .008•
.573 ± .007•
.577 ± .006•

.711 ± .002
.691 ± .000•
.705 ± .002•
.710 ± .001
.696 ± .000•
.651 ± .002•
.664 ± .003•
.619 ± .019•
.640 ± .003•
.647 ± .003•

.811 ± .003•
.790 ± .003•
.827 ± .004•
.801 ± .002•
.852 ± .003
.783 ± .018•
.754 ± .019•
.758 ± .005•
.758 ± .014•
.823 ± .015•

.797 ± .004•
.804 ± .004
.790 ± .005•
.798 ± .004•
.765 ± .002•
.708 ± .012•
.737 ± .010•
.685 ± .011•
.692 ± .013•
.696 ± .006•

Study on CCMN Data

We perform experiments on 8 benchmark data sets 1 which spanned a broad of applications: scene and mirflickr for image annotation, music emotion and music style for music recognition, yeast for protein function
prediction as well as slashdot, enron and tmc for text categorization. For each data set, we randomly sample
50% data for training and 30% data for testing while the rest 20% data is used for validation. To inject
label noise into training examples, each class label is flipped according to noise rate ρj−1 and ρj+1 randomly
sampled from {0.1, 0.2, 0.3, 0.4, 0.5}. We repeat experiments 5 times with different combinations of noise
rates and report the averaging results.
We compare the performance of the proposed method with their baselines. Specifically, two variants of
the proposed method, i.e., L̃h (Eq.(4)) and L̃r (Eq.(6)) are compared with their baselines, i.e., Lh (Eq.(3))
and Lr (Eq.(5)). For L̃h and Lh , the surrogate loss function φ is defined as the least square loss and hinge
loss; For L̃r and Lr , besides the least square loss and hinge loss, we also adopt Sigmoid loss, since it has
been proved as a consistent surrogate loss with respective to ranking loss [10]. For all methods, we use a
linear model and a three-layer MLP with 128 hidden neural units as the based model. We use Adam [16] as
the optimizer for 200 epochs and learning rate is chosen from {5e-2,5e-3,5e-4}. The ℓ2 -regularization term is
added with the parameter of 1e-4. The testing performance of the model is reported with the best validation
result out of all iterations. We conduct all experiments with Pytorch [25].
As mentioned before, there are different criteria for evaluating the performance of multi-label learning. In
our experiments, we employ three commonly used criteria including hamming loss, ranking loss and average
precision. More details can be found in [41].
Table 1 and Table 2 report comparison results of the proposed methods between baseline methods using
linear and MLP models, respectively. For each data set, paired t-test based on 5 repeats (at 0.05 significance
1 Publicly

available at http://mulan.sourceforge.net/datasets.html and http://meka.sourceforge.net/#datasets
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Table 2: Comparison results between L̃h , L̃r and their baselines with diverse loss functions using MLP
models, where •/◦ indicates whether the proposed method is significantly superior/inferior to the comparing
methods via paired t-test (at 0.05 significance level).
Data
yeast
enron
Hamming loss (the smaller, the better)
.211 ± .002
.056 ± .000
L̃h /Square
.211 ± .005
.057 ± .000
L̃h /Hinge
L̃r /Square
.214 ± .002•
.057 ± .000
.211 ± .004
.057 ± .001
L̃r /Hinge
.213 ± .004
.056 ± .000
L̃r /Sigmoid
Lh /Square
.247 ± .015•
.071 ± .004•
Lh /Hinge
.253 ± .017•
.058 ± .001
Lr /Square
.250 ± .009•
.073 ± .005•
Lr /Hinge
.243 ± .012•
.061 ± .001•
Lr /Sigmoid
.247 ± .018•
.067 ± .005•
Ranking loss (the smaller, the better)
L̃h /Square
.189 ± .006
.216 ± .009•
.200 ± .007•
.215 ± .007
L̃h /Hinge
.188 ± .008
.214 ± .007
L̃r /Square
.190 ± .005
.214 ± .008•
L̃r /Hinge
.188 ± .007
.206 ± .010
L̃r /Sigmoid
Lh /Square
.228 ± .018•
.252 ± .001•
Lh /Hinge
.238 ± .010•
.255 ± .001•
Lr /MSE
.233 ± .016•
.255 ± .003•
.231 ± .017•
.249 ± .002•
Lr /Hinge
Lr /Sigmoid
.233 ± .016•
.252 ± .003•
Average precision (the greater, the better)
L̃h /Square
.736 ± .004
.503 ± .010•
.730 ± .003
.493 ± .009•
L̃h /Hinge
L̃r /Square
.735 ± .004
.516 ± .013
.734 ± .005
.497 ± .010•
L̃r /Hinge
.734 ± .002
.515 ± .015
L̃r /Sigmoid
Lh /Square
.685 ± .016•
.448 ± .010•
Lh /Hinge
.674 ± .014•
.451 ± .005•
Lr /Square
.683 ± .015•
.452 ± .007•
Lr /Hinge
.689 ± .017•
.462 ± .004•
Lr /Sigmoid
.685 ± .015•
.461 ± .004•

scene

slashdot

music style

mirflickr

tmc

.124 ± .005
.124 ± .004
.136 ± .005•
.127 ± .005•
.123 ± .006
.153 ± .020•
.146 ± .015•
.140 ± .008•
.142 ± .006•
.147 ± .012•

.022 ± .000
.023 ± .000
.022 ± .001•
.023 ± .000
.021 ± .001
.025 ± .004
.024 ± .002
.029 ± .003•
.027 ± .004
.027 ± .005

music emotion
.193 ± .001
.193 ± .000
.195 ± .003•
.192 ± .001
.192 ± .000
.206 ± .001•
.208 ± .003•
.203 ± .001•
.200 ± .002•
.208 ± .003•

.113 ± .001
.113 ± .001•
.115 ± .000•
.116 ± .001•
.116 ± .000•
.120 ± .001•
.120 ± .002•
.117 ± .001•
.117 ± .002•
.121 ± .002•

.109 ± .002•
.106 ± .003
.113 ± .003•
.109 ± .003•
.109 ± .003
.132 ± .004•
.124 ± .007•
.136 ± .002•
.135 ± .004•
.126 ± .006•

.065 ± .000•
.064 ± .000
.069 ± .000•
.065 ± .000•
.068 ± .000•
.073 ± .000•
.075 ± .002•
.075 ± .002•
.071 ± .002•
.073 ± .002•

.122 ± .008•
.119 ± .006•
.120 ± .009•
.119 ± .009•
.108 ± .006
.150 ± .016•
.150 ± .026•
.155 ± .018•
.146 ± .017•
.180 ± .056

.053 ± .004•
.048 ± .002
.050 ± .003
.047 ± .002
.044 ± .001
.052 ± .005•
.049 ± .003•
.052 ± .005•
.054 ± .008•
.049 ± .004

.231 ± .003
.242 ± .004•
.233 ± .001•
.233 ± .001•
.230 ± .001
.293 ± .006•
.291 ± .007•
.294 ± .007•
.294 ± .004•
.290 ± .009•

.153 ± .001
.163 ± .001•
.152 ± .001
.158 ± .002•
.153 ± .003
.207 ± .001•
.194 ± .006•
.203 ± .003•
.203 ± .003•
.208 ± .002•

.081 ± .005
.086 ± .002•
.085 ± .006•
.081 ± .004•
.077 ± .004
.114 ± .007•
.095 ± .013
.117 ± .004•
.112 ± .004•
.112 ± .010•

.064 ± .001
.065 ± .001
.065 ± .002
.065 ± .002
.078 ± .003•
.115 ± .004•
.095 ± .001•
.121 ± .006•
.115 ± .007•
.113 ± .004•

.797 ± .015•
.801 ± .010•
.792 ± .013•
.797 ± .017•
.816 ± .009
.770 ± .016•
.763 ± .020•
.761 ± .021•
.771 ± .013•
.752 ± .037•

.903 ± .002•
.906 ± .001•
.905 ± .002
.907 ± .002
.910 ± .001
.892 ± .007•
.896 ± .013•
.892 ± .012•
.877 ± .013•
.902 ± .003•

.649 ± .002
.638 ± .002•
.646 ± .002
.647 ± .002•
.650 ± .002
.591 ± .003•
.580 ± .006•
.588 ± .004•
.591 ± .004•
.593 ± .007•

.719 ± .004
.714 ± .005
.717 ± .002
.712 ± .003•
.710 ± .003
.672 ± .007•
.673 ± .001•
.679 ± .003•
.677 ± .002•
.663 ± .005•

.874 ± .006•
.874 ± .002•
.869 ± .007•
.877 ± .004•
.882 ± .006
.840 ± .005•
.863 ± .027
.837 ± .007•
.842 ± .006•
.850 ± .010•

.786 ± .002•
.790 ± .001
.781 ± .003•
.788 ± .001•
.758 ± .002•
.707 ± .015•
.710 ± .017•
.702 ± .015•
.712 ± .016•
.700 ± .012•

level) is conducted to show weather the proposed unbiased estimator is significantly different from the comparing methods. From the results, it is obvious that the proposed method outperforms their corresponding
baselines with significant superiority in almost all cases, which validates the effectiveness of the proposed
method. The performance of L̃r is generally superior to L̃h , which validates the label correlation is beneficial
for learning with class-conditional multi-label noise.

6.2

Study on PML Data

To validate the effectiveness of the proposed uPML method, we perform experiments on totally 8 data
sets, including 3 real-world PML datasets, music style, music emotion and mirflickr as well as 5 multi-label
dataets, yeast, enron, scene, slashdot and tmc. Regarding the multi-label datasets, for each instance, the
negative label is flipped according to noise rate ρ randomly sampled from {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}. We
repeat experiments 5 times with different noise rate and report the averaging results.
We compare with five state-of-art PML algorithms: PML-NI[35], PARTICLE (including two implementations: PAR-VLS and PAR-MAP) [40], PML-LRS [20] and fPML [38]. To make a fair comparison, we use
a linear classifier as the base model for uPML. We use Adam [16] as the optimizer for 200 epochs and the
learning rate is chosen from {0.05,0.005,0.0005}. The ℓ2 -regularization term is added with the parameter of
1e-4. The testing performance of the model is reported with the best validation result out of all iterations.
For the other comparing methods, parameters are determined by the performance on validation set if no
default value given in their literature.
Table 3 reports the comparison result of two variants of the proposed uPML method against comparing
PML methods. For each data set, pair t-test based on five repeats (at 0.05 significance level) is conducted to
show weather the proposed unbiased estimator is significantly different from the comparing methods. The
proposed uPML method significantly outperforms the comparing PML methods in almost all cases except
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Table 3: Comparison results between the proposed method (using linear model) and PML methods, where
•/◦ indicates whether the proposed method is significantly superior/inferior to the comparing method via
paired t-test (at 0.05 significance level).
Data
music style
music emotion
Hamming loss (the smaller, the better)
PML
.117 ± .001
.196 ± .002
L̃h
/Square
L̃PML
.121 ± .003
.195 ± .001
/Sigmoid
r
PMLNI
.157 ± .008•
.253 ± .005•
PMLLRS
.167 ± .020•
.361 ± .049•
PARVLS
.124 ± .001•
.254 ± .002•
PARMAP
.142 ± .004•
.252 ± .002•
fPML
.143 ± .000•
.221 ± .000•
Ranking loss (the smaller, the better)
L̃PML
/Square
.154
±
.004•
.225 ± .003
h
L̃PML
.146 ± .004
.229 ± .000•
/Sigmoid
r
PMLNI
.149 ± .003
.250 ± .003•
PMLLRS
.154 ± .005•
.265 ± .002•
PARVLS
.238 ± .004•
.349 ± .005•
PARMAP
.207 ± .003•
.310 ± .003•
fPML
.155 ± .003•
.264 ± .007•
Average precision (the greater, the better)
.716
±
.004
.649 ± .004
L̃PML
/MSE
h
L̃PML
.708 ± .009•
.641 ± .002•
/Sigmoid
r
PMLNI
.723 ± .005
.602 ± .002•
.706 ± .006•
.580 ± .002•
PMLLRS
.662 ± .004•
.522 ± .004•
PARVLS
PARMAP
.659 ± .006•
.541 ± .003•
fPML
.704 ± .003•
.585 ± .004•

mirflickr

yeast

enron

scene

.170 ± .003•

.210 ± .001

.056 ± .000

.165 ± .002
.228 ± .005•
.209 ± .007•
.219 ± .005•
.172 ± .002
.254 ± .001•

.208 ± .001
.269 ± .027•
.244 ± .016•
.259 ± .009•
.239 ± .013•
.303 ± .002•

.064
.128
.174
.107
.157
.111

±
±
±
±
±
±

.010
.004•
.006•
.006•
.008•
.008•

slashdot

tmc

.124 ± .000

.018 ± .000•

.064 ± .000

±
±
±
±
±
±

.001•
.047•
.021•
.017•
.021•
.000•

.017 ± .000
.065 ± .007•
.023 ± .002•
.062 ± .004•
.019 ± .001•
.054 ± .000•

.066
.082
.088
.084
.101
.101

.145
.322
.155
.248
.289
.179

±
±
±
±
±
±

.000•
.002•
.003•
.001•
.009•
.000•

.100 ± .002•

.199 ± .005•

.193 ± .006•

.120 ± .008•

.056 ± .003•

.062 ± .003

.090 ± .002
.121 ± .005•
.112 ± .003•
.230 ± .032•
.110 ± .009•
.107 ± .010•

.189 ± .001
.231 ± .016•
.223 ± .009•
.245 ± .007•
.245 ± .017•
.219 ± .008•

.172 ± .003
.338 ± .006•
.332 ± .013•
.448 ± .007•
.293 ± .016•
.342 ± .031•

.112 ± .002
.207 ± .018•
.198 ± .040•
.388 ± .016•
.318 ± .023•
.230 ± .056•

.054 ± .002
.118 ± .006•
.086 ± .002•
.216 ± .058•
.064 ± .004•
.093 ± .010•

.066
.123
.122
.205
.203
.132

.831 ± .002•

.730 ± .004

.550 ± .005•

.799 ± .010

.898 ± .003•

.799 ± .005

.846 ± .004
.792 ± .007•
.814 ± .005•
.697 ± .063•
.842 ± .004
.820 ± .018•

.732 ± .004
.687 ± .018•
.704 ± .010•
.692 ± .010•
.680 ± .015•
.709 ± .008•

.563 ± .004
.270 ± .013•
.269 ± .017•
.225 ± .008•
.304 ± .013•
.299 ± .033•

.802 ± .003
.695 ± .021•
.715 ± .043•
.563 ± .010•
.567 ± .023•
.676 ± .064•

.899 ± .003
.614 ± .036•
.829 ± .015•
.340 ± .158•
.862 ± .010•
.851 ± .011•

.785
.689
.692
.618
.595
.698

±
±
±
±
±
±

±
±
±
±
±
±

.000•
.007•
.010•
.005•
.009•
.004•

.003•
.010•
.017•
.006•
.015•
.011•

for the case on music style, where PMLNI is significantly better than uPML in terms of average precision.
In general, uPML with L̃r is better than uPML with L̃h due to the label correlation is considered for the
former one. Theses results convincingly demonstrate the effectiveness of the proposed method.
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Conclusion

In this paper, we study the problem of multi-label classification with class-conditional multiple noisy labels,
where multiple class labels assigned to each instance may be corrupted simultaneously with class-conditional
probabilities. From the perspective of the unbiased estimator, we derive efficient methods for solving CCMN
problems with theoretical guarantee. Generally, we prove that learning from class-conditional multiple noisy
labels with the proposed unbiased estimators is consistent with respective to hamming loss and ranking loss.
Furthermore, we propose a novel method called uPML for solving PML problems, which can be regarded as
a special case of CCMN framework. Empirical studies on multiple data sets validate the effectiveness of the
proposed method. In the future, we will study CCMN with more loss functions.
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A

Proof for Lemma 1

Proof. By using ρj and ρ−j to denote ρjyj and ρj−yj , respectively, we have
h
i
Eỹ L̃h (f , ỹ)
=

q
X

(1 − ρj )φ̃(fj , yj ) + ρj φ̃(fj , −yj )

j=1

=

q
X
j=1

=

q
X
j=1

=

K
X
j=1

1
[(1 − ρj )[(1 − ρ−j )φ(fj , yj ) − ρj φ(fj , −yj )] + ρj [(1 − ρj )φ(fj , −yj ) − ρ−j φ(fj , yj )]]
1 − ρj−1 − ρj+1
1
[(1 − ρj )(1 − ρ−j )φ(fj , yj ) − ρj ρ−j φ(fj , yj )]
1 − ρj−1 − ρj+1
1
(1 − ρj − ρ−j )φ(fj , yj ) = Lh (f , y)
1 − ρj−1 − ρj+1

which completes proof.

B

Proof for Theorem 2

Proof. The proof is mainly composed of the following two lemmas.
Lemma 3. Let Rn (L̃h ◦ F) be the Rademacher complexity with respective to the unbiased estimator L̃h and function
class F over Sρ of n training points drawn from Dρ , which can be defined as
#
"
n
1X
σi L̃h (f (xi ), ỹi )
Rn (L̃h ◦ F) = ESρ Eσ sup
f ∈F n
i=1
Then,
Rn (L̃h ◦ F) ≤ qKρ Rn (F)
where Kρ is the Lipschitz constant of L̃h .
P
Proof. Recall that L̃h (f (x), y) = qj=1 φ̃(yj fj (x)), then, we have
Rn (L̃h ◦ F)
"

= ES ρ Eσ

sup

f1 ,...,fq ∈F

q
n
1X X
(i)
σi
φ̃(yj fj (xi ))
n i=1 j=1

#


q
X
X
1
(i)
σi
φ̃(yj fj (xi ))
= EX Eσ  sup
f1 ,...,fq ∈F n
j=1
xi ∈X


q
X
X
1
(i)
≤
EX Eσ  sup
σi φ̃(yj fj (xi ))
fj ∈F n
j=1
x ∈X


i

= qRn (φ̃ ◦ F)

Sequentially, according to Talagrand’s contraction lemma [18], we have
Rn (L̃h ◦ F) ≤ qRn (φ̃ ◦ F)
≤ qKρ Rn (F)
which completes the proof.
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1
j
j , ∀j
1−ρ−1 −ρ+1

Without loss of generality, assume that µ = maxj

∈ [q].

Lemma 4. For any δ > 0, with probability at least 1 − δ,
b (f ) − R (f ) ≤ 2qKρ Rn (F) + qµΘ
max R
L̃h
L̃h
f ∈F

s

ln 2δ
2n

b (f )−
Proof. Since both two directions can be proved in the same way, we consider one single direction supf1 ,...,fq ∈F (R
L̃
qµΘ
RL̃ (f )). Note that the change in xi leads to a perturbation of at most n by replacing a single point (xi , ỹi ) with
(i)
(x′i , ỹi′ ), since the change in any ỹj leads to a perturbation as:
j
j
j
j
1 (1 − ρ−1 )φ(fj ) − ρ+1 φ(−fj ) − [(1 − ρ+1 )φ(−fj ) − ρ−1 φ(fj )]
1 φ(fj ) − φ(−fj )
µΘ
=
≤
j
j
j
j
n
n
n
1 − ρ−1 − ρ+1
1 − ρ−1 − ρ+1

(12)

b (f ) − R (f )), we
By using McDiarmid’s inequality [23] to the single-direction uniform deviation supf1 ,...,fk ∈F (R
L̃
L̃
have
!




2
b (f ) − R (f )) − E sup (R
b (f ) − R (f )) ≥ ǫ ≤ exp − 2ǫ
P sup (R
L̃
L̃
L̃
L̃
n( qµΘ
)2
f ∈F
f ∈F
n
or equivalently, with probability at least 1 − δ,





b (f ) − R (f )) ≤ E sup (R
b (f ) − R (f )) + qµΘ
sup (R
L̃
L̃
L̃
L̃

f ∈F

f ∈F

s

ln 1δ
2n

According to [5], it is straightforward to show that


b (f ) − R (f )) ≤ 2Rn (L̃ ◦ F)
E sup (R
L̃
L̃
f ∈F

With the lemma 3, we complete the proof.

Proof of Theorem 2. Based on the Lemma 4, with f ∗ = argminf ∈F RL,D (f ), it is obvious to prove the generalization
error bound as follows:
RL,D (fˆ) − RL,D (f ∗ )
= RL̃,Dρ (fˆ) − RL̃,Dρ (f ∗ )

 
 

∗
∗
ˆ
b (fˆ) − R
b (f ∗ ) + R
b ˆ
b
= R
L̃
L̃
L̃,Dρ (f ) − RL̃ (f ) + RL̃ (f ) − RL̃,Dρ (f )

b (f ) − R
≤ 0 + 2 max R
L̃
L̃,Dρ (f )
f ∈F

b (fˆ) ≤ R
b (f ∗ )
The fist equation holds due to the unbiasedness of the estimator and for the last line, we used the fact R
L̃
L̃
ˆ
by the definition of f .

C

Proof for Theorem 3

Proof. With respective to L̃h , the conditional surrogate loss can be defined as
f (p, f ) =
W
=

X

py Eỹ|y [L̃(f (x), ỹ)] =

j=1 y∈Y

y∈Y
q
X

q
X
X

−
p+
j φ(fj (x)) + pj φ(−fj (x))

j=1
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py φ(yj fj (x))

P
P
−
f
where p+
j =
y:yj =+1 py and pj =
y:yj =−1 py . This yields minimizing W (p, f ) is equivalent to minimizing W (p, f ).
Accordingly, we have
q
X
f ∗ (p) = W ∗ (p) = inf W (p, f ) =
W
inf Wj (p+
j , fj )
f

Wj (p+
j , fj )

j=1

fj

−
p+
j φ(fj ) + pj φ(−fj ).

Based on the consistency of binary classification setting proposed in [2, 42],
=
where
it is easy to prove that L̃h is consistent to hamming loss. Therefore, based on Corollary 25 in [42], we have
∗
∗
)
≤ ξ(RLh (fˆ) − RL
RLh (fˆ) − RL
h
h

where ξ is a non-negative concave function with ξ(0) = 0.

D

Proof for Lemma 2

Proof. With respective to each label pair (yj , yk ), considering the cases (yj = +1, yk = −1), (yj = −1, yk = +1),
(yj = +1, yk = +1) and (yj = −1, yk = −1) separately, we can obtain the modified loss function φ̃(j, k) by solving
the following linear equation:


αj+1 αk−1
 ρj−1 ρk+1
 j k
 α ρ+1
+1
ρj−1 αk−1

ρj+1 ρk−1
αj−1 αk+1
ρj+1 αk+1
αj−1 ρk−1

ρj+1 αk−1
ρj−1 αk+1
ρj+1 ρk+1
αj−1 αk−1


φ̃((fj , fk ), (+1, −1))
ρk−1 αj+1
 φ̃((fj , fk ), (−1, +1))
ρj−1 αk+1 


αj+1 αk+1   φ̃((fj , fk ), (+1, +1))
ρj−1 ρk−1
φ̃((fj , fk ), (−1, −1))


φ(fj − fk )
  φ(fk − fj ) 

=

 
φ(0)
φ(0)




where αj+1 = 1 − ρj+1 . Then, the solution can be obtained:
h
i
φ̃((fj , fk ), (+1, −1)) = κjk (1 − ρj−1 )(1 − ρk+1 )φ(fjk ) + ρj+1 ρk−1 φ(−fjk )
h
i
φ̃((fj , fk ), (−1, +1)) = κjk (1 − ρj+1 )(1 − ρk−1 )φ(−fjk ) + ρj−1 ρk+1 φ(fjk )
h
i
φ̃((fj , fk ), (+1, +1)) = −κjk ρj+1 (1 − ρk−1 )φ(−fjk ) + ρk+1 (1 − ρj−1 )φ(fjk )
i
h
φ̃((fj , fk ), (−1, −1)) = −κjk ρj−1 (1 − ρk+1 )φ(fjk ) + ρk−1 (1 − ρj+1 )φ(−fjk )
which completes the proof.

E

Proof for Theorem 4

Proof. The proof is mainly composed of the following two lemmas.
Lemma 5. Let Rn (L̃r ◦ F) be the Rademacher complexity with respective to the unbiased estimator L̃r and function
class F over Sρ of n training points drawn from Dρ , which can be defined as
"
#
n
1X
Rn (L̃r ◦ F) = ESρ Eσ sup
σi L̃r (f (xi ), ỹi )
f ∈F n
i=1
Then,
Rn (L̃r ◦ F) ≤ 2q(q − 1)Kρ Rn (F)
where Kρ is the Lipschitz constant of L̃r .

16

Proof. Recall that L̃r (f (x), ỹ) =

P

φ̃((fj , fk ), (yj , yk )), then, we have

1≤j<k≤q




n
X
X
1
Rn (L̃r ◦ F) = ESρ Eσ  sup
φ̃((fj , fk ), (yj , yk ))
σi
f1 ,...,fq ∈F n
i=1
1≤j<k≤q


X
X
1
= EX Eσ  sup
φ̃((fj , fk ), (yj , yk ))
σi
f1 ,...,fq ∈F n
xi ∈X
1≤j<k≤q


X
X
1
σi φ̃((fj , fk ), (yj , yk ))
EX Eσ  sup
≤
f1 ,...,fq ∈F n
x ∈X
1≤j<k≤q

(13)

i

Sequentially, let (y, y ′ ) be the current label pair to be cumulated, then, according to Talagrand’s contraction lemma
[18], we have


X

1
′
EX Eσ  sup
σi φ̃ (fy , fy ′ ), (y, y ) 
fy ,fy′ ∈F n
xi ∈X


X
1
≤ Kρ EX Eσ  sup
σi (fy (xi ) − fy ′ (xi ))
fy ,fy′ ∈F n
xi ∈X




X
X
1
1
σi fy (xi ) + Kρ EX Eσ  sup
σi fy ′ (xi )
≤ Kρ EX Eσ  sup
fy′ ∈F n
fy ∈F n
x ∈X
x ∈X
i

i

= 2Kρ Rn (F)

Where fy represent the classifier corresponding class label y. Then, by combining with 13, it is easy to prove that
Rn (L̃r ◦ F) ≤ 2q(q − 1)Kρ Rn (F).
j

Without loss of generality, assume that µ = maxj

j

j

j

1−min(ρ−1 −ρ+1 ,ρ+1 −ρ−1 )
j
j
(1−ρ−1 −ρ+1 )2

, ∀j ∈ [q].

Lemma 6. For any δ > 0, with probability at least 1 − δ,
b (f ) − R (f ) ≤ 2q(q − 1)Kρ Rn (F) + q(q − 1)µΘ
max R
L̃
L̃
f ∈F

s

ln δ2
2n

We omit the proof, since it can be proved similarly to Lemma 4.
Finally, similar to theorem 2, based on lemma 5 and 6, it is easy to obtain theorem 4.

F

Proof for Theorem 5

Proof. For notational simplicity, we introduce the following notation:
X
py
∆j,k =
y:yj =−1,yk =+1

and we have
∆j,t ≤ ∆t,j

if

∆j,k ≤ ∆k,j

and

∆k,t ≤ ∆t,k

which has been proved in [10].
Let us first define the set of Bayes predictors with respective to ranking loss
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(14)

P
Lemma 7. [10] For every p ∈ Λ, where Λ = {p ∈ R|Y| : y∈Y py = 1 and py ≥ 0} denotes the flat simplex of R|Y| ,
the set of Bayes predictions with respective to ranking loss is given by
A(p) = {f : ∀j < k, fj > fk

if

∆j,k < ∆k,j ; fj < fk

For modified surrogate loss L̃, we have
X
X
f (p, f ) =
py
py Eỹ|y [f (x), ỹ] =
W
y∈Y

y∈Y

=

X

if

X

∆j,k > ∆k,j }

φ(fk − fj )

(15)

yj =−1,yk =+1

∆j,k φ(fk − fj ) + ∆k,j φ(fj − fk )

1≤j<k≤q

Following Theorem 10 in [10], if φ is a differential and non-increasing function with φ′ (0) < 0 and φ(t) + φ(−t) =
f ∗ (p) = W
f (p, f ), where W
f ∗ (p) =
2φ(0), it suffices to prove that fj > fk if ∆j,k < ∆k,j for every f such that W
f (p, f ).Therefore, by minimizing W
f (p, f ), we obtain the Bayes decision function f , which proves L̃r is consistent
inf f W
to ranking loss. Accordingly, based on Corollary 25 in [42], we have
∗
∗
RLr (fˆ) − RL
≤ ξ(RLr (fˆ) − RL
)
r
r

where ξ is a non-negative concave function with ξ(0) = 0.

G

Details of Experimental Datasets
Table 4: Characteristics of the experimental data sets.

Data set
music emotion
music style
mirflickr
enron
scene
yeast
slashdot
tmc

# Instances
6833
6839
10433
1702
2407
2417
3782
21519

# Features
98
98
100
1001
294
103
1079
500

# Class Labels
11
10
7
53
6
14
22
22
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Cardinality
2.42
1.44
1.77
3.37
1.07
4.23
1.18
2.15

Batch Size
400
400
1000
100
100
100
200
1000

Domain
music
music
image
text
image
biology
text
text

